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Abstract: As a kind of real options, the multi-stage compound option has become an important 
technique in valuation of venture capital. In this paper, the pricing formula of multi-stage 
compound option is derived by basing on the Black-Scholes model, and is expanded to the 
cases of continuous dividend and time-dependent parameter. 
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1 Introduction 


The real option theory is often used in making investment decisions, which applies the finan- 
cial option pricing theory to the investment decision analytical method. Multi-Stage Compound 
Option (MSCO) is a very important kind of real options. In the multi-stage venture capital, 
investors have the right to continue making the next stage investment in each decision point. 
Likewise, the holder of MSCO can obtain the next option with the strike price on each exercise 
date. Thus the study on the pricing method of MSCO is significant for investment decision 
making, especially for the value assessment of the asset-intensive long-term project. 

Geskel!! proposed a pricing formula of the two-stage compound option by solving the partial- 
differential equation. In [2], the same formula is proved by the conditional probability method. 
This paper proposes the pricing formula of MSCO by basing on the Black-Scholes (B-S) model 
and utilizing the property of the conditional expectation and the matrix, which extends the 
conclusions of two stages to multi-stage. Further, the pricing formula of MSCO is discussed in 
cases of the dividend is paid stage by stage and the parameters are time depended. 


2 Basic assumption 


Let (N, F, P) be a complete probability space with a standard Brownian motion (Wi)izo. 
We shall denote by the natural filtration of W. Consider a B-S financial market in which we 
have two securities. For a bond B = (B¢)>0, it is assumed that 


Bi =e, (1) 
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where r is the deterministic interest rate. And for a risky security S = (S+)t>0, we shall assume 
S is a random process with 


Sel) = Sex {(u- ie em). (2) 


where u € R is an appreciation rate and c > 0 is the volatility coefficient. 

Assume that a multi-stage compound option Oy has n exercise dates 0 < tı < to < ++- < tn, 
with the strike prices K;, i = 1,2,---,n, respectively. As a kind of call option, real option 
allows the holder to buy O; at tı with strike price Kı. Likely O; allows the holder to buy Oj41 
at ti+ı with price K;,1 and so on. Certainly, if the value of O;,, is smaller than K;,1, the 
holder can choose not to exercise the following options with i = 0,1,--- ,n — 1. If the holder 
obtains the last stage option O4. .1 after all stage options are exercised, he can choose to buy 
risk asset with price $,, at tn with the price Kn. Let C; be the value of option O; at time t; 
which exercised at tj41, i = 0, 1,--- ,n — 1. It is clearly that the payment functions 


fi = (Cii 7, Kia)*, i= 0, 1, Un, (3) 


where C, = Stn. 


3 Main results and proof 


The following lemmas are used in this article without proof. 
Lemma 1! Let fr(w) be a natural payment function in the European option at the 
expiration time T > 0 such that Ef7.* 


determined by the formula 


(w) < oo for some £ > 0. Then the price at time t is 


C, = E(e "179 fr(Sr(r)) | Fr). (4) 


Lemma 2! Let g(x,y) be a bivariate Borel measurable function, and it makes the fol- 
lowing formula meaningful. while X is measurable random variable, and Y is independent 
from G. Then 


E(g(X,Y) |G) = E(g(z.Y)) lz-x - (5) 


Lemma 3 Let (W;),»o be a standard Brownian motion in a complete probability space 
(Q, F, P). Set 


W; 
a t . 
i=—, 1=1,2,---, 

&i Vin n, 
then for any j < n, the union distribution of (&,&2,--- ,£;) is standard j-variate normal 
distribution with the covariance matrix as follows 

t: 

D; = ( ae » E (6) 
iVk 7 3X3 


The main results of this paper are as follows. 
Theorem 1 For any w € 2, C;(w) is an increasing function of S} (w), 1 — 0,1,--- ,n— 1. 
Proof Reverse Induction Approach. 
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When i = n — 1, by (3), (4) and (5), 


Cn-1 = E(e7"len—tn—a) p, | Fena) 
E (e7 nta) (Sp, — Kn)" | Fena) 


E (77 (765-1 (pe Wen t, HP S) ti) e K,)*) 


(7) 


lo=s; 


n-1 ^ 


Since 


is an increasing function of x, we have for any w, Cy. .1(w) is an increasing function of S;, a (w). 
Now we suppose the conclusion hold for i + 1, and from (3), (4) and (5), we also obtain 


C; = E(e "7*9 (C, (S, ) m Ki41)* | f) 


E (e-169 t9 (Cii: (ze? iei cen Etat) B Kis1)") acre (8) 
It can be seen that for any w, 
ze? Va -ti +(r— F tiiti) 


increases with z, and from supposing, Ci+1(w) is an increasing function of S;, 41(w), thus we 


have : 
E (Cii (ze Vcn zut- Xa) _ Ki+1)") f 


increases with x, this proves the conclusion exists for į and the result follows. 
Theorem 2 Let D, = (@i;)nxn be a positive definite symmetric matrix such that 


ting 


aij = 4| —. 
s tivi 
Then for any z; € R, 


(xı — oe vti, 22 — ovVtz, >, En — o Vin) Da (z1 — 0 ti, £2 — ovVtz, >, En — ovin) 


= (£1, £2, , En) Da (£1, 22, +++, Ln)” — 20 Vinin + 07 tn. (9) 


Proof Let Aj; be algebraic cofactor of aij. We have 


Aij = Aji (10) 
and 
i |D4], j = k, 
»3 ainAiz = (11) 
i=1 0 gk. 


Setting k = n, and by (10), (11) we obtain 


VenIDnl, jon, 
0, j En. 


SAA (12) 
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Since D: EN . 


—1 E Aij 


it is obvious that 


(vti, Viz, UI Vin )D4! = p(s Vea Y Y. Vt Ani, ee Y ViiAni)2 
ni i=l i=1 


i=l 


= (0, +0, Vita), 
(e Vi, o ita, o ta ) Dz (21, 22, 7 9a). =oVEnTn, 
(zi, 22, --- , 4) Dz (oti, ovin, +++, oVin)” = (ovtuzs) = oVtntn, 
(o Vti, o vita, +++, ovin ) D (ovi ota, oia) = 


then we get the result of (9). 
Theorem 3 The price of the multi-stage compound option Oy is determined by the formula 


n 
Co = SoN” (a1, tt sn, Dn) a X Kye" NI (bi, E bj, Dj), (13) 
j=l 
where N? (b, --- , bj, Dj) is the standard j-variate normal distribution function with covariance 
matrix 
D; = ( “iat ) ; 
tive / jxj 
and 
InS8 (rg) In 2 4 (r+ 22)t, 
ai = —+—__W——__., i<n-l, an = —ÀR————M (14) 
e vt oyin 
m$*r-$ n p BÆtC- Eh i 
i = —À———————, i€n-1, = mA 
' o ti k n at, (15) 
S% is the unique solution of the equation 
Ci(St,) = 0. (16) 


Proof According to Lemma 1 and Lemma 2, we deduce 
Co = E(e "^ fe, | Feo) 


E 


ll 


e7"^ (C, — K1)*) 


| 
icol 


eh (E(e^"2- (C2 — K2)* | Fa) = Ki)I(c,>,)) 


li 
3 


Ele" (Cs — K3)l(c, 5 ki, C2>K2)) — Kie "* E(Itc, s k,)) 


(e "^ E((C2 — K3)* Iti») | Fa) 7 Kae "^ Ino ,)) 
= E(e "C4 o scs 2 x) - Kae "" E(Ini >, C22 K2)) - ie" Eti) (17) 
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Since 
Cz = E(e "0572 (C3 — K3)* | Fi), 
we have 
3 
Co = E(e "^ CsIic ka 022 5,082 K3)) — > Kye "Eli oia 023) (18) 
j=l 


Similarly, for 
C; = E(e 179 (C, (Stag) — Kita)? | 7), 


we get finally 


“ns —rtr 
Co = Ele“ Si, Ito» ka. Ca-1>Kn-1,Sin >Kn)) 


—rtn 
-Kne "^ Elio» ki Cn—12Kn~1, Stn 2K) 
n—1 
—rt; 
— D Kje T SECK, ,C3>K;)- (19) 
j=1 


Let S7 be the unique solution of (16). Apply Theorem 1, firstly, we obtain 


- 2 
In & — (r — 3D) 
, 


lio,>K,) = I »—l(& > 

(Ciz Ki) (St; 257) (& = eti (20) 
In & — (r — Èt In Ka — (r — £5)t 
jsp We i<n-l, gq 11g 0 qM (21) 
avti ovtn 
Then by (19), (20) and (21) 
Co = E(e "^S, 10,24, 6.249) — > Kye! EL zdr 2d) (22) 
j=l 
From Lemma 3, we deduce that for any j <n 
Eleza, gza) = P(& 2 di, ,6; 2 dj) = P(-& € —di,--- , 8) € -dj) 

SNC diss ed Dj) e NT D.) (23) 


E(e "^ S, Ete 2, —. £,74,)) 


oo oo oo E 1 1 E - 
f dz, dzz "HH | Spe? V nTn- Sy tn i e 370227 En) Da (zi AXE2,t70 Zn) dz, 
n i 
di dz dn (27)? |D,|? 


oo oo oo 
So f dz, dzo- n — ce (er 22, £2a)D4 (21,22, En) +07%tn—2oVin dg. 
di da a, (27)? |Dn]3 
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Let y; = £i — o Vli, and apply Theorem 2, it follows that 


E (e^ S, Ie zdi En2dn)) 


d i id 1 -— S Di( - y) 
s f d J dy -f : e^ 3 Qvae ua) D. (Y19277 Yn dy, 
gr s 277 Ja.-evis (27)? |Dnl? 


il 


azoyi 2—0 vVt2 
= SoN” (ovtı — di: d ,0 vt, — dn, Dn) 
= SoN”(a1,° es „an, Dn). (24) 


By (22), (23) and (24), 


Co = SoN"(a1,--- , an, Dn) — D> Kje 7» NP (bi, „bj, Dj): 
j=l 


The proof of Theorem 3 is finished. 


4 Further discussion 


About the calculation 
The price of MSCO can be calculated by the formula (13). The only unclear variable is $7, 
it is the unique solution to (16). By (7) and (8), we can deduce the function C... of St, , 


Se 2 
In get + (r + S) — tai) 
Cr—1(St,_,) = S, (BR 2) 
[729429 — tn-1 
LERS IR 
-Knete (= Ky, T: (r 5 (tn =) (25) 
Ot, -— taci 
and the recursion formula 
+00 E " 
Ci($,) = f en MHF) (Cipa (zette 62710) — Kipi) 
—-oo 
1 " 2 
e 3651-10 dy le=s, T (26) 


27 (tia. — ti) 


Then the function can be obtained and S7 can be get from solving the equation (16). The 
precision in calculation depends on numerical computation. 

About the type compounded of call and put options 

The Multi-stage compound option is a kind of real option. So we give the pricing formula 
of the type compounded of call options in this paper. The pricing formula of other types 
compounded of call and put options can also be deduced by the same approach. 

About the case of continuous dividend 

Consider the case that continuous dividend is paid stage by stage and let g; be the dividend 
rate between [t;,ti41|. Thus Lemma 1 can be expanded as following’! 


C; = E(e "(0779 fr(Sr(r — q)) | Fe). (27) 
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Therefore 
C; = E(e 1679 (Cigi (Sug (r — à) ^ Kiz) | Fa), (28) 
Prove similarly to Theorem 3, except for 


le;z1;) = 18,257) = 1(& 2 


In Si — (r — i- £-)5 
xir fud ind: imbri, rm. (29) 


o Vti 
Change r in formula (14), (15) and Sz, in equation (16) to r — gi, then (13) becomes the pricing 
formula in case of paying continuous dividend. 

About the case of time-dependent parameter 

In the above, we assumed the parameters were constants. But in fact the interest rate, 
the dividend rate and the volatility coefficient often change. Consider that the parameters are 
functions p(s), o(s), r(s), q;(s) only dependent on time and then 


B,- elo FOE (30) 


S,(u) = Ss exp { f l (us) P ee», 4 | ; c(s)dW, . (31) 


Using the Girsanov theorem to construct equivalent martingale measure, the hedging strategy 
of European option is obtainedl9), We have 


— (FH. rs 
C; = E(e- I^ 199**(0,.(S,,,) - Ki)* | Fa). (32) 
Then using the same way we deduced the pricing formula as follows 


C$ = SoN” (at, a5, D3) — D> Kje Jo TONI (bi, +-+ 5, D5), (33) 
j=} 


where 
; 2(s 
In $2 + fo*(r(s) - ails) + f9)ds — 
ot = ee, i£n-l 
Jos c? (s)ds 
c? s 
"E So + fon (r(5) — ans) + las 
V I c?(s)ds 
200 + fo (els) - als) - G2 )ds 
V fo o?(s)ds 
ce? s 
In R + fo" (r(s) — ans) — e (94s 


V i o2(s)ds 


T * g?(s)ds 
d k g?(s)ds l 


(34) 


i<n-t, 


(35) 


D$ = (a5,)jxj, and 


Qik* = (36) 
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